Abstract. We show that every quasisimple sporadic group apart from the Mathieu groups M 11 and M 23 is a strongly real Beauville group. We further show that none of the almost simple sporadic groups or any of the groups of the form A 6 :2 or A 6 :2 2 are mixed Beauville groups.
Introduction
Let G be a finite group. We call G a Beauville group if there exists a 'Beauville structure' for G, which we define as follows. A set of elements ¹x 1 ; x 2 ; y 1 ; y 2 º G is an unmixed Beauville structure of G if and only hx 1 ; y 1 i D hx 2 ; y 2 i D G and †.x 1 ; y 1 / \ †.x 2 ; y 2 / D ¹eº:
If G has an unmixed Beauville structure then we call G an unmixed Beauville group or simply a Beauville group. We call ..o.x 1 /; o.y 1 /; o.x 1 y 1 //; .o.x 2 /; o.y 2 /; o.x 2 y 2 /// the type of this structure.
Sometimes, authors have discussed the above in terms of spherical systems of generators of length 3, that is ¹x; y; zº G with xyz D e (see [1, 2] ), but we omit the relation z D .xy/ 1 from our notation here. Furthermore, many earlier papers on Beauville structures add the condition that we have
but this was subsequently found to be unnecessary [3] .
Beauville groups were originally introduced in connection with a class of complex surfaces, known as Beauville surfaces. Roughly speaking, these surfaces are defined by taking a product of two complex curves C C 0 and quotienting out the action of some finite group G acting on this product to give the surface .C C 0 /=G. These surfaces possess many useful geometric properties -they are surfaces of general type; their automorphism groups [14] and fundamental groups [5] are relatively easy to compute (being closely related to G) and these surfaces are rigid in the sense of admitting no non-trivial deformations [4] and thus correspond to isolated points in the moduli space of surfaces of general type.
To give examples, it was conjectured by Bauer, Catanese and Grunewald that every nonabelian finite simple group is a Beauville group, with the only exception of the alternating group A 5 (see [4, Conjecture 1] ). Several authors settled special cases of this conjecture [4, 8, 9, 12] . Finally the full conjecture was recently verified by the author, Magaard and Parker in [7 Similar results were obtained at around the same time by Guralnick and Malle using algebraic groups in [13] and by Garion, Larsen and Lubotzky using probabilistic methods in [11] .
Once it has been established that a group is a Beauville group it is natural to ask what further properties the group and its corresponding surfaces can have. Recall that a surface S is said to be real if there exists a biholomorphic map W S ! S such that 2 is the identity [3, Section 3.3] . We say that a Beauville group is a strongly real Beauville group if it can be used to define a real Beauville surface (as we shall see in Definition 2.1 this can be translated into group theoretic terms). In [3, Conjecture 3] Bauer, Catanese and Grunewald conjecture that all but finitely many of the nonabelian finite simple groups are strongly real Beauville groups and it is interesting to know which of the nonabelian finite simple groups are not strongly real Beauville groups. In light of Theorem 1.2 we prove the following. Sometimes the action of G on the product C C 0 can interchange the two curves. In this case we say that we have a mixed Beauville surface. If a Beauville group can be used to define a mixed Beauville surface, we say that it is a mixed Beauville group (as we will see in Definition 3.1 again this can be translated into group theoretic terms). In general, it appears to be much harder to construct mixed Beauville groups, but examples do exist [1, 3] . Clearly no simple group can be a mixed Beauville group, since it is necessary for such a group to have an index 2 subgroup, and the cyclic group of order 2 is not a Beauville group, but this does not preclude almost simple groups having such a structure. Here we prove the following. Theorem 1.4. No almost simple sporadic group or 2 F 4 .2/ is a mixed Beauville group.
As a further investigation along these lines we consider groups of the form A 6 :2 and A 6 :2 2 , the symmetric group S 6 being one of the first almost simple groups to be ruled out using the methods discussed here [8, Corollary 6] . Theorem 1.5. There is no mixed Beauville group isomorphic to A 6 :2 or A 6 :2 2 .
In Section 2 we will discuss the proof of Theorem 1.3 and in Section 3 we go on to discuss mixed Beauville groups.
Strongly real Beauville groups
In this section we discuss the proof of Theorem 1.3. It turns out that a group defines a real surface if and only if it possesses a 'strongly real Beauville structure' [3] . Definition 2.1. A Beauville structure ¹x 1 ; x 2 ; y 1 ; y 2 º G is said to be strongly real if there exists a pair of automorphisms 1 ; 2 2 Aut.G/ differing only by an inner automorphism such that
If G has a strongly real Beauville structure, we say that G is a strongly real Beauville group. Proof. First note that in both cases the outer automorphism group is trivial so the only elements that can be incorporated into a strongly real Beauville structure are real elements. In both cases it (coincidentally) follows that the elements in questions must be of order at most 6. A straightforward computer check now reveals that these groups do not have a strongly real Beauville structure.
For every sporadic group smaller than the Baby Monster B we produce an explicit Beauville structure with the following general construction. Let G be a group and let t 2 G (or possibly t 2 G:2) be an involution. For i D 1; 2 we define the elements x i WD t t g i for some g i 2 G. If u 2 C G .t/, then we can further define the elements y i WD .
/ thereby ensuring that the conjugacy condition of Definition 1.1 is satisfied. All of these computations are easily performed in GAP [10] .
As is often the case, it is difficult/impossible to perform these calculations in the groups 2˙B and M. In these cases we resort to more character theoretic means. Suppose that the structure constant for some triple of conjugacy classes that are setwise preserved by an automorphism is found to be an odd integer. Suppose further that the same structure constant is found to be even in any subgroup that also contains elements from these classes (if any). It follows that when an automorphism fixing these classes acts on them, then a triple of the kind we are interested in will exist and generate the group.
In the case of the Monster group M we use the triples (19A,19A,29A) and (13A,13B,105A). No proper subgroup of M has order divisible by 19 29, and the only proper subgroups with order divisible by 13 2 are small and are easily seen not to contain elements of order 105. In the case of B we use the triples (11A,13A,25A) and (17A,19A,27A). For the first triple there is no proper subgroup in which all three classes can be found and they are all real whilst in the case of the second triple no proper subgroup contains them all.
Mixed Beauville groups
In this section we prove Theorem 1.4. It turns out that a group defines a mixed Beauville surface if and only if it possesses a 'mixed Beauville structure' [4] . Definition 3.1. A mixed Beauville structure of G is a quadruple .G 0 ; g; h; k/ where G 0 < G is an index 2 subgroup and g; h; k 2 G are such that
If G has a mixed Beauville structure, then we call G a mixed Beauville group. Tables 2  and 3 for the sporadic groups of size less than B and for the structures found for 2˙B and M by character theoretic means. See Definition 1.1. Table 2 . Words in terms of the standard generators defining a strongly real Beauville structure for the full covering group of each of the sporadic simple groups smaller than the Baby Monster B. In each case the elements a and b are the standard generators as defined by Wilson in [15] . In cases where the use of an element labeled c is required, words in the standard generators defining these elements are given in Table 3 . In some cases it was necessary/desirable to use the standard generators for G W 2 rather than G. These cases we write in bold font. Table 3 . Words in terms of the standard generators a and b defining an involution c in cases the involution a is unable to define a strongly real Beauville structure via the construction described in Section 2.
The following lemma gives a useful necessary condition for a Beauville group to be a mixed Beauville group. Lemma 3.2. Let .C C/=G be a Beauville surface of mixed type and let G 0 be the subgroup of G consisting of the elements which do not interchange the two curves, then the order of any element in G n G 0 is divisible by 4. ) as well as the group 2 F 4 .2/ 0 have outer automorphisms. From their character tables, which can be reconstructed from the data given in [6] , we see that, apart from the Tits group 2 F 4 .2/ 0 , all of the almost simple groups whose derived subgroup is in the above list have involutions lying outside G 0 and so by the above lemma none of these groups can possess a mixed Beauville structure.
In the case of the almost simple Tits group 2 F 4 .2/ we have the following. The only classes of elements of 2 F 4 .2/ 0 that are fused by the outer automorphisms have even order. However, no fusing among the elements of order 2 takes place and so it is impossible to satisfy condition (4) of Definition 3.1 since †.g; h/ \ †.g k ; h k / must contain involutions. This completes the proof of Theorem 1.3.
Finally, we consider Theorem 1.5. The case of the symmetric group S 6 is yet another application of Lemma 3.2 as mention by Fuertes and González-Diez in [8, Corollory 6] . The same lemma applies in the case PGL 2 .9/. In the case of the Mathieu group M 10 , however, all elements lying outside A 6 have orders 4 or 8, so Lemma 3.2 is of no use here.
In this case, however, we can say the following: whilst the two classes of elements of order 3 in A 6 are fused inside M 10 , no other fusion takes place, it follows that the only way to satisfy condition (4) of Definition 3.1 is if the elements g; h and gh are either all in class 3A or all in class 3B. However A 6 is known to have no such generating set contradicting condition (1) of Definition 3.1. The group A 6 :2 2 also cannot have a mixed Beauville structure since for each of the index 2 subgroups there is a class of involutions lying outside the subgroup blocking the existence of a mixed Beauville structure by Lemma 3.2. It follows that no group of the form A 6 :2 2 possesses a mixed Beauville structure. This completes the proof of Theorem 1.5.
